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7. Networks at variable frequency
Further content can be found at this Tutorial or that Tutorial

Introduction

At the previous chapters it was explained how the “influence of a sinusoidal current flow” of capacitor
and inductors look like. To describe this, the impedance was introduced. This can be understood as a
complex resistance for sinusoidal excitation.

It applies to the capacitor:

\begin{align*} \underline{U}_C = \frac{1}{j\omega \cdot C} \cdot \underline{I}_C \quad \rightarrow
\quad \underline{Z}_C = \frac{1}{j\omega \cdot C} \end{align*}

and for the inductance

\begin{align*} \underline{U}_L = j\omega \cdot L \cdot \underline{I}_L \quad \rightarrow \quad
\underline{Z}_L = j\omega \cdot L \end{align*}

Complex impedances can be dealt with in much the same way as ohmic resistances in Electrical
Engineering 1 (see: simple DC Circuits, linear Sources and two-terminal network, Analysis of DC
Networks). In these transformations, the fraction $ j\omega \cdot$ is preserved. Circuits with
impedances such as inductors and capacitors will show a frequency dependence accordingly.

Targets

After this lesson, you should:

know that …1.
know that … is formed.2.
be able to … can …3.

7.1 From Two-Terminal Network to Four-Terminal Network

Fig. 1: Two-Terminal Network to Four-Terminal Network

https://www.electronics-tutorials.ws/accircuits/series-circuit.html
https://www.khanacademy.org/science/electrical-engineering/ee-circuit-analysis-topic/ee-natural-and-forced-response/a/ee-rlc-natural-response-intuition
https://mexle.te.hs-heilbronn.de/electrical_engineering_1/simple_circuits
https://mexle.te.hs-heilbronn.de/electrical_engineering_1/non-ideal_sources_and_two_terminal_networks
https://mexle.te.hs-heilbronn.de/electrical_engineering_1/network_analysis
https://mexle.te.hs-heilbronn.de/electrical_engineering_1/network_analysis
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Until now, components such as resistors, capacitors and inductors have been understood as two-
terminal. This is also obvious, since there are only two connections. In the following however circuits
are considered, which behave similar to a voltage divider: On one side a voltage $U_I$ is applied, on
the other side $U_O$ is formed with it. This results in 4 terminals. The circuit can and will be
considered as a four-terminal network in the following. However, the input and output values will be
complex.

For a four-terminal network, the relation of “what goes out” (e.g. $\underline{U}_O$ or
$\underline{U}_2$) to “what goes in” (e.g. voltage $\underline{U}_I$ or $\underline{U}_1$) is
important. Thus, the output and input variables ($\underline{U}_O$) and ($\underline{U}_I$) give the
quotient:

\begin{align*} \underline{A} & =
{{\underline{U}_O^\phantom{O}}\over{\underline{U}_I^\phantom{O}}} \\ & \text{with} \;
\underline{U}_O = U_O \cdot e^{j \varphi_{uO}} \\ & \text{and} \; \underline{U}_I = U_I \cdot e^{j
\varphi_{uI}} \\ \\ \underline{A} & = \frac
{\underline{U}_O^\phantom{O}}{\underline{U}_I^\phantom{O}} = \frac {U_O \cdot e^{j
\varphi_{uO}}}{U_I\cdot e^{j \varphi_{uI}}} \\ & = \frac {U_O}{U_I}\cdot e^{j (\varphi_{uO}-
\varphi_{uI})} \\ \end{align*}

\begin{align*} \boxed{\underline{A} = \frac
{\underline{U}_O^\phantom{O}}{\underline{U}_I^\phantom{O}} = \frac {U_O}{U_I}\cdot e^{j
\Delta\varphi_{u}}} \end{align*}

Reminder:
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The complex-valued quotient ${\underline{U}_O}/{\underline{U}_I}$ is called the
transfer function.
The frequency-dependent magnitude of the quotient $A(\omega)={U_O}/{U_I}$ is called
amplitude response and the angular difference $\Delta\varphi_{u}(\omega)$ is called
phase response.

The frequency behaviour of the amplitude response and the frequency response is not only important
in electrical engineering and electronics, but will also play a central role in control engineering.

7.2 RL Series Circuit

Fig. 2: RL-series
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First, a series connection of a resistor $R$ and an inductor $L$ shall be considered (see figure 2). This
structure is also called RL-element.
Here, $\underline{U}_I= \underline{X_I} \cdot \underline{I}_I$ with $\underline{X}_I = R + j\omega
\cdot L$ and corresponding for $\underline{U}_O$: \begin{align*} \underline{A} = \frac
{\underline{U}_O^\phantom{O}}{\underline{U}_I^\phantom{O}} = \frac {\omega L}{\sqrt{R^2 +
(\omega L)^2}}\cdot e^{j\left(\frac{\pi}{2} - arctan \frac{\omega L}{R} \right)} \end{align*}

This results in the following for

the amplitude response: $A = \frac {\omega L}{\sqrt{R^2 + (\omega L)^2}}$ and
the phase response: $\Delta\varphi_{u} = arctan \frac{R}{\omega L} = \frac{\pi}{2} - arctan
\frac{\omega L}{R}$

The main focus should first be on the amplitude response. Its frequency response can be derived from
the equation in various ways.

Extreme frequency consideration of this RL circuit (in the equation and in the system)1.
Plotting amplitude and frequency response2.
Determination of prominent frequencies3.

These three points are now to be gone through.

https://mexle.te.hs-heilbronn.de/electrical_engineering_1/circuits_under_different_frequencies#img_imageno02
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7.2.1 RL High Pass

For the first step we investigate the limit consideration: Wwe look at what happens, when the
frequency $\omega$ runs to the definition range limits, i.e. $\omega \rightarrow 0$ and $\omega
\rightarrow \infty$:

For $\omega \rightarrow 0$, $A = \frac {\omega L}{\sqrt{R^2 + (\omega L)^2}} \rightarrow
0$ as the numerator approaches zero and the denominator remains greater than zero.
For $\omega \rightarrow \infty$, $A \rightarrow1$, because in the root in the denominator
$(\omega L)^2$ becomes larger and larger in the ratio $R^2$ to . So the root tends to $\omega
L$ and thus to the numerator.

It can thus be seen that:

at small frequencies there is no voltage $U_2$ at the output.
at high frequencies $A = \frac {U_O}{U_I} = \rightarrow 1$, so the voltage at the output is
equal to the voltage at the input.

Result:
The RL element shown here therefore only allows large frequencies to pass (= pass through) and
small ones are filtered out.
The circuit corresponds to a high pass.

This can also be derived from understanding the components:

At small frequencies, the current in the coil and thus the magnetic field changes only slowly. So
only a negligibly small reverse voltage is induced. The coil acts like a short circuit at low
frequencies.
At higher frequencies, the current generated by $U_I$ through the coil changes faster, the
induced voltage $U_i = - dI / dt$ becomes large.
As a result, the coil inhibits the current flow and a voltage drops across the coil.
If the frequency becomes very high, only a negligible current flows through the coil - and hence
through the resistor. The voltage drop at $R$ thus approaches zero and the output voltage
$U_O$ tends towards $U_I$.

The transfer function can also be decomposed into amplitude response and frequency response.
Often this plots are not given in with linear axis but:

the amplitude response with a double logarithmic coordinate system and
the phase response single logarithmic coordinate system.

By this, the course from low to high frequencies are easier to see. The following simulation in figure 3
shows the amplitude response and frequency response in the lower left corner.

Fig. 3: RL high pass filter

For further consideration, the equation of the transfer function $\underline{A} = \dfrac
{\underline{U}_O^\phantom{O}}{\underline{U}_I^\phantom{O}}$ is to be rewritten so that it
becomes independent of component values $R$ and $L$.

https://mexle.te.hs-heilbronn.de/electrical_engineering_1/circuits_under_different_frequencies#img_imageno5
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This allows for a generalized representation. This representation is called normalization:

$\large{\underline{A} = \frac {\underline{U}_O^\phantom{O}}{\underline{U}_I^\phantom{O}} =
\frac {\omega L}{\sqrt{R^2 + (\omega L)^2}}\cdot e^{j\left(\frac{\pi}{2} - arctan \frac{\omega

L}{R} \right)}}$ $ \quad \quad \vphantom{\HUGE{I \\ I}} \large{\xrightarrow{\text{normalization}}}
\vphantom{\HUGE{I \\ I}} \quad \quad \quad $ $\large{\underline{A}_{norm} = \frac {\omega L /

R}{\sqrt{1 + (\omega L / R)^2}}\cdot e^{j\left(\frac{\pi}{2} - arctan \frac{\omega L}{R} \right)} }
$ $\large{= \frac {x}{\sqrt{1 + x^2}} \cdot e^{j\left(\frac{\pi}{2} - arctan x \right)} }$

This equation behaves quite the same as the one considered so far.

figure 4 shows the two plots. On the x-axis, $x = \omega L / R$ has been plotted as the normalization
variable. This represents a weighted frequency.

Fig. 4: Amplitude and phase response of the RL high-pass filter
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Here, too, the behavior determined in the limit value observation can be seen:

at small frequencies $\omega$ (corresponds to small $x$), the amplitude response tends
toward zero.
At high frequencies, the ratio $U_O / U_I = 1 $ is established.

Interesting in the phase response is the point $x = 1$.

Further to the left of this point (i.e. at smaller frequencies) a tenfold increase of the frequency
$\omega$ produces a tenfold increase of $U_O / U_I$.
Further to the right of this point (i.e. at higher frequencies) $U_O / U_I = 1$ remains.

So this point marks a limit. Far to the left, the ohmic resistance is significantly greater the amount of
impedance of the coil: $R \gg \omega L$. far to the right is just the opposite.

The point $x=1$ just marks the cut-off frequency.
It holds

\begin{align*} \underline{A}_{norm} = \frac{x}{\sqrt{1 + x^2}} \cdot e^{j\left(\frac{\pi}{2} -
arctan x \right)} = \frac{U_O}{U_I} \cdot e^{j\varphi} \quad \quad \left\{\begin{array}{l} x \ll 1 &

https://mexle.te.hs-heilbronn.de/electrical_engineering_1/circuits_under_different_frequencies#img_imageno03
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\widehat{=}& \omega L \ll R &: \quad\quad \frac{U_O}{U_I}=x &, \varphi = \frac{\pi}{2} \,
\widehat{=} \, 90° \\ x \gg 1 & \widehat{=}& \omega L \gg R &: \quad\quad \frac{U_O}{U_I}=1 &,
\varphi = 0 \: \widehat{=} \, 0° \\ x = 1 & \widehat{=}& \omega L = R &: \quad\quad
\frac{U_O}{U_I}=\frac{1}{\sqrt{2}} &, \varphi = \frac{\pi}{4} \, \widehat{=} \, 45° \end{array}
\right. \end{align*}

1 <\WRAP>

2 <\WRAP> <\WRAP>

\begin{alig
n*}
\underline
{A}_{nor
m} =
\frac{x}{\s
qrt{1 +
x^2}}
\cdot
e^{j\left(\f
rac{\pi}{2
} - arctan
x \right)}
=
\frac{U_O}
{U_I} \cdot
e^{j\varph
i} |
\left\{\begi
n{array}{l
}
\end{align
*}
<\WRAP>

\begi
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\qua



2026/03/19 00:10 8/28 7 Networks at variable frequency

MEXLE Wiki - https://mexle.te.hs-heilbronn.de/

d\qu
ad
\frac
{U_O
}{U_
I}=x
&,
\varp
hi =
\frac
{\pi}
{2}
\,
\wide
hat{
=} \,
90°
\\ x
\gg 1
&
\wide
hat{
=}&
\ome
ga L
\gg R
&:
\qua
d\qu
ad
\frac
{U_O
}{U_
I}=1
&,
\varp
hi =
0 \:
\wide
hat{
=} \,
0° \\
x = 1
&
\wide
hat{
=}&
\ome
ga L
= R
&:



2026/03/19 00:10 9/28 7 Networks at variable frequency

MEXLE Wiki - https://mexle.te.hs-heilbronn.de/

\qua
d\qu
ad
\frac
{U_O
}{U_
I}=\f
rac{
1}{\
sqrt{
2}}
&,
\varp
hi =
\frac
{\pi}
{4}
\,
\wide
hat{
=} \,
45°
\end
{arra
y}
\right
.
\end
{alig
n*}
<\W
RAP
>
<\W
RAP
>

Rem
inde
r:

T
h
e
c
u
t
-
o



2026/03/19 00:10 10/28 7 Networks at variable frequency

MEXLE Wiki - https://mexle.te.hs-heilbronn.de/

ff
f
r
e
q
u
e
n
c
y
$
f
_
c
$
f
o
r
h
i
g
h
-
p
a
s
s
a
n
d
l
o
w
-
p
a
s
s
fi
l
t
e
r
s
i
s
t
h
e
f
r



2026/03/19 00:10 11/28 7 Networks at variable frequency

MEXLE Wiki - https://mexle.te.hs-heilbronn.de/

e
q
u
e
n
c
y
a
t
w
h
i
c
h
t
h
e
o
h
m
i
c
r
e
s
i
s
t
a
n
c
e
j
u
s
t
e
q
u
a
l
s
t
h
e
v
a
l
u
e
o



2026/03/19 00:10 12/28 7 Networks at variable frequency

MEXLE Wiki - https://mexle.te.hs-heilbronn.de/

f
t
h
e
i
m
p
e
d
a
n
c
e
.

T
h
e
c
u
t
-
o
ff
f
r
e
q
u
e
n
c
y
s
e
p
a
r
a
t
e
s
a
r
a
n
g
e
i
n
w



2026/03/19 00:10 13/28 7 Networks at variable frequency

MEXLE Wiki - https://mexle.te.hs-heilbronn.de/

h
i
c
h
t
h
e
fi
l
t
e
r
a
l
l
o
w
s
s
i
g
n
a
l
s
t
h
r
o
u
g
h
f
r
o
m
o
n
e
i
n
w
h
i
c
h
t
h
e
y
a



2026/03/19 00:10 14/28 7 Networks at variable frequency

MEXLE Wiki - https://mexle.te.hs-heilbronn.de/

r
e
s
u
p
p
r
e
s
s
e
d
(
=
b
l
o
c
k
e
d
)
.

A
t
t
h
e
c
u
t
-
o
ff
f
r
e
q
u
e
n
c
y
,
t
h
e
p
h
a



2026/03/19 00:10 15/28 7 Networks at variable frequency

MEXLE Wiki - https://mexle.te.hs-heilbronn.de/

s
e
$
\
v
a
r
p
h
i
=
4
5
°
$
a
n
d
t
h
e
a
m
p
l
i
t
u
d
e
$
A
=
\
f
r
a
c
{
1
}
{
\
s
q
r
t
{
2
}
}



2026/03/19 00:10 16/28 7 Networks at variable frequency

MEXLE Wiki - https://mexle.te.hs-heilbronn.de/

$
.

I
n
G
e
r
m
a
n
t
h
e
c
u
t
-
o
ff
F
r
e
q
u
e
n
c
y
i
s
c
a
l
l
e
d
G
r
e
n
z
f
r
e
q
u
e
n
z
$



2026/03/19 00:10 17/28 7 Networks at variable frequency

MEXLE Wiki - https://mexle.te.hs-heilbronn.de/

f
_
{
G
r
}
$

Thes
e
state
ment
s
appl
y to
singl
e-
stag
e
passi
ve
filter
s,
i.e.
one
RL or
one
RC
elem
ent.
Multi
stag
e
filter
s are
consi
dere
d in
circu
it
engi
neeri
ng.

The
cut-
off
frequ
ency



2026/03/19 00:10 18/28 7 Networks at variable frequency

MEXLE Wiki - https://mexle.te.hs-heilbronn.de/

in
this
case
is
give
n by:

\begi
n{ali
gn*}
R &=
\ome
ga L
\\
\ome
ga_{
c}
&=
\frac
{R}{
L} \\
2 \pi
f_{c}
&=
\frac
{R}{
L}
\qua
d
\right
arro
w
\qua
d
\box
ed{f
_{c}
=
\frac
{R}{
2 \pi
\cdot
L}}
\end
{alig
n*}

7.2.
2



2026/03/19 00:10 19/28 7 Networks at variable frequency

MEXLE Wiki - https://mexle.te.hs-heilbronn.de/

RL
Low
Pas
s

Fig.
5:
Circu
it,
point
er
diagr
am,
and
ampl
itude
and
phas
e
resp
onse
of RL
low-
pass
filter

$$R$$

$$L$$

$${\rm...

$$\Re...

$$ \...

$$\u...

$$\u...

$$\u...

Phase ResponseAmplitude Response

$$\u...$$\u...

$$\u...$$\u...

$$R$$

$$L$$

$$U_{\...

$$x =... $$x =...

$$\Del...

$$x =...

$$x =...

Text is not SVG - cannot display

So
far,
only
one
varia
nt of
the
RL
elem
ent
has
been
consi
dere
d,
nam
ely
the
one
wher
e the
outp
ut



2026/03/19 00:10 20/28 7 Networks at variable frequency

MEXLE Wiki - https://mexle.te.hs-heilbronn.de/

volta
ge
$\un
derli
ne{U
}_O$
is
tapp
ed at
the
induc
tanc
e.
Here
we
will
briefl
y
discu
ss
what
happ
ens
when
the
two
com
pone
nts
are
swap
ped.

In
this
case,
the
norm
alize
d
trans
fer
funct
ion is
give
n by:

\begi
n{ali
gn*}
\und



2026/03/19 00:10 21/28 7 Networks at variable frequency

MEXLE Wiki - https://mexle.te.hs-heilbronn.de/

erlin
e{A}
_{no
rm}
=
\frac
{1}{
\sqrt
{1 +
(\om
ega
L /
R)^2
}}\c
dot
e^{-j
\;
arcta
n
\frac
{\om
ega
L}{R
} }
\end
{alig
n*}

The
cut-
off
frequ
ency
is
agai
n
give
n by
$f_{c
} =
\frac
{R}{
2 \pi
\cdot
L}$.

Fig.
6: RL
low
pass



2026/03/19 00:10 22/28 7 Networks at variable frequency

MEXLE Wiki - https://mexle.te.hs-heilbronn.de/

filter

7.
3
RC
Se
rie
s
Cir
cui
t

7.3.
1
RC
Hig
h
Pas
s

Fig.
7:
Circu
it,
point
er
diagr
am,
and
ampl
itude
and
phas
e
resp
onse
of
the
RC
high-
pass
filter



2026/03/19 00:10 23/28 7 Networks at variable frequency

MEXLE Wiki - https://mexle.te.hs-heilbronn.de/

$$C$$$$R$$

$$L$$

$${\rm...

$$\Re...

$$ \...

$$\u...

$$\u...

$$\u...

$$U_A/...

Phase ResponseAmplitude Response

$$\u...$$\u...

$$R$$

$$C$$

$$U_{\... $$\Del...

$$\u... $$\u...

$$x =... $$x =...

$$x =...

$$x =...

Text is not SVG - cannot display

Now
a
volta
ge
divid
er is
to be
const
ructe
d by
a
resis
tor
$R$
and
a
capa
city
$C$.
Quite
simil
ar to
the
previ
ous
chap
ters,
the
trans
fer
funct
ion
can
also
be
deter
mine
d
here.

Here
resul
ts as
norm
alize
d
trans
fer
funct



2026/03/19 00:10 24/28 7 Networks at variable frequency

MEXLE Wiki - https://mexle.te.hs-heilbronn.de/

ion:

\begi
n{ali
gn*}
\und
erlin
e{A}
_{no
rm}
=
\frac
{\om
ega
RC}{
\sqrt
{1 +
(\om
ega
RC)^
2}}\
cdot
e^{\
frac{
\pi}{
2}-j
\;
arcta
n
(\om
ega
RC) }
\end
{alig
n*}

In
this
case,
the
norm
alizat
ion
varia
ble
$x =
\ome
ga
RC$.
Agai
n,



2026/03/19 00:10 25/28 7 Networks at variable frequency

MEXLE Wiki - https://mexle.te.hs-heilbronn.de/

the
cut-
off
frequ
ency
is
deter
mine
d by
equa
ting
$R$
and
the
mag
nitud
e of
the
impe
danc
e of
the
capa
citan
ce:

\begi
n{ali
gn*}
R &=
\frac
{1}{
\ome
ga_{
c}
C} \\
\ome
ga_{
c}
&=
\frac
{1}{
RC}
\\ 2
\pi
f_{c}
&=
\frac
{1}{
RC}
\qua



2026/03/19 00:10 26/28 7 Networks at variable frequency

MEXLE Wiki - https://mexle.te.hs-heilbronn.de/

d
\right
arro
w
\qua
d
\box
ed{f
_{c}
=\fra
c{1}
{2
\pi\c
dot
RC}
}
\end
{alig
n*}

Fig.
8: RC
high
pass
filter

7.3.
2
RC
Low
Pas
s

Fig.
9:
Circu
it,
point
er
diagr
am,
and
ampl
itude
and
phas
e



2026/03/19 00:10 27/28 7 Networks at variable frequency

MEXLE Wiki - https://mexle.te.hs-heilbronn.de/

resp
onse
of RC
low-
pass
filter

$$x =...
$$x =...

$$\Del...

$$U_A/...

Phase ResponseAmplitude Response

$$x =...

$$C$$$$R$$

$$L$$

$${\rm...

$$\Re...

$$\u...

$$...

$$\u...

$$\u...

$$\u...$$\u... $$R$$

$$C$$
$$\u... $$\u...

$$x =...

$$x =...

$$U_{\... $$\Del...

$$x =... $$x =...

Text is not SVG - cannot display

Agai
n,
the
volta
ge at
the
impe
danc
e is
to be
used
as
the
outp
ut
volta
ge.
This
resul
ts in
a
low-
pass
filter.

Here
resul
ts as
norm
alize
d
trans
fer
funct
ion:

\begi
n{ali
gn*}
\und
erlin
e{A}
_{no



2026/03/19 00:10 28/28 7 Networks at variable frequency

MEXLE Wiki - https://mexle.te.hs-heilbronn.de/

rm}
=
\frac
{1}{
\sqrt
{1 +
(\om
ega
RC)^
2}}\
cdot
e^{-j
\;
arcta
n
(\om
ega
RC) }
\end
{alig
n*}

Also,
the
cut-
off
frequ
ency
is
give
n by
$f_{c
}
=\fra
c{1}
{2
\pi\c
dot
RC}$

Fig.
10:
RC
low
pass
filter

From:
https://mexle.te.hs-heilbronn.de/ - MEXLE Wiki

Permanent link:
https://mexle.te.hs-heilbronn.de/electrical_engineering_1/circuits_under_different_frequencies?rev=1670606886

Last update: 2022/12/09 18:28

https://mexle.te.hs-heilbronn.de/
https://mexle.te.hs-heilbronn.de/electrical_engineering_1/circuits_under_different_frequencies?rev=1670606886

	Table of Contents
	7. Networks at variable frequency
	Introduction
	Targets

	7.1 From Two-Terminal Network to Four-Terminal Network
	7.2 RL Series Circuit
	7.2.1 RL High Pass
	7.2.2 RL Low Pass

	7.3 RC Series Circuit
	7.3.1 RC High Pass
	7.3.2 RC Low Pass



